We investigate the scattering properties of an anti-parity-symmetric non-Hermitian system. The anti-parity-symmetric scattering center possesses imaginary nearest-neighbor hoppings and real onsite potentials, it has been experimentally realized through dissipative coupling and frequency detuning between atomic spin waves. We find that such anti-parity-symmetric system displays three salient features: Firstly, the reflection and transmission are both reciprocal. Secondly, the reflection and transmission probabilities satisfy R±T = 1, which depends on the parity of the scattering center size. Thirdly, the scattering matrix satisfies (Sσz) (Sσz) * = I for scattering center with even-site; for scattering center with odd-site, the dynamics exhibits Hermitian scattering behavior, possessing unitary scattering matrix SS † = I.
I. INTRODUCTION
The concept of parity-time (PT ) symmetry has been raised for more than two decades, researchers are interested in the peculiar effects caused by PT symmetry in non-Hermitian systems [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . The PT symmetry breaking was demonstrated in coupled passive optical waveguides with different losses [13] . Applied pump beam to one waveguide, an active PT -symmetric system was realized, the light power oscillation in exact PT -symmetric phase was observed [14] . In 2014, PT symmetry was first experimentally demonstrated in coupled optical microcavities [15] . The gain is induced by lasing from the doped Er 3+ ions under pumping. Single mode operation after selectively breaking the PT symmetry enhances the mode gain [16, 17] . The modes are chiral at exceptional point and lasing directional is controllable [18] . Recently, the enhancement of sensing has been demonstrated near the exceptional points of PT -symmetric systems. [19, 20] .
Symmetry in physical systems usually leads to symmetric physical properties. PT symmetry induces reciprocal scattering [21] [22] [23] [24] [25] . Reflection PT symmetry protects the reciprocal transmission; axial PT symmetry protects the reciprocal reflection [26, 27] . In the presence of non-Hermiticity, the scattering is not unitary in general situation; leading to nonreciprocal reflection (transmission) for a reciprocal transmission (reflection). PT symmetry and non-Hermiticity are the key points of the nonreciprocal scattering behavior exhibited in PTsymmetric system. Many intriguing phenomena have been observed such as coherent perfect absorption [28] [29] [30] [31] , unidirectional invisibility, reflectionless [32] [33] [34] , and spectral singularity [35] . Until now, the scattering properties of system with PT symmetry are explicit; however, anti-PT symmetry as a counterpart of PT symmetry is rarely investigated [36] [37] [38] [39] [40] [41] . Recently, the imaginary coupling is experimentally realized through dissipative coupling between atomic vapors. The system is non- * jinliang@nankai.edu.cn
Hermitian and satisfies anti-PT symmetry. The phasetransition threshold and reflectionless light prorogation have been observed in high resolution [37] .
In this paper, inspiring by the experimentally realized anti-PT -symmetric system, we study the scattering properties of an anti-PT -symmetric non-Hermitian system, which has imaginary couplings and real on-site potentials. We demonstrate that the reflection and transmission are both reciprocal. Besides, the difference or summation between the reflection and transmission probabilities is unity, this relation depends on the parity of the scattering center. The scattering matrix satisfies (Sσ z ) (Sσ z ) * = I or SS † = I for the scattering center with even-or odd-site, respectively. In the later case, the anti-PT -symmetric non-Hermitian system exhibits Hermitian scattering behavior.
The remainder of the paper is as follows. In Sec. II, the system is modelled. In Sec. III, the scattering properties of an anti-PT -symmetric non-Hermitian system is demonstrated. In Sec. IV, two concrete examples are presented as illustration. The results are summarized and discussed in Sec. V.
II. MODEL
Recently, anti-PT -symmetric non-Hermitian system has been realized in atomic vapors [37] . Novel coupling mechanism leads to a dissipative coupling between two atomic spin waves. In its Hamiltonian, the dissipative coupling is the imaginary coupling and the detuning between two atomic spin waves is the on-site potential. In this work, we study the scattering properties of an anti-PT -symmetric scattering center, which is a tight-binding chain with imaginary couplings and real on-site potentials. The Hamiltonian of the scattering center reads where the couplings satisfy κ j = κ N +1−j and the on-site potentials satisfy V j = −V N +1−j . |j c is the basis of the scattering center site-j. The parity operator P is defined as the space reflection PjP −1 = N +1−j; T is defined as the time reversal operator T iT −1 = −i. Under these definitions, the scattering center H c possesses anti-PT symmetry, which satisfies (PT ) H c (PT ) −1 = −H c . Notably, it is interesting that the anti-PT -symmetric Hamiltonian H c satisfies (PT ) (±iH c ) (PT ) −1 = ±iH c , which indicates that Hamiltonians ±iH c are PT -symmetric.
The input and output leads are connected to the scattering center. The Hamiltonian of the system is in the form of H = H − + H + + H c + H in , where
are the input and output leads with uniform coupling strength J. |j l is the basis of the leads site-j.
is the connection Hamiltonian. |1 c and |N c are the sites of the scattering center H c that connected to the input and output leads H − and H + , respectively.
III. SCATTERING FORMALISM
In this section, we investigate the scattering properties of an anti-PT -symmetric non-Hermitian scattering center, typical scattering behaviors are revealed. In the following, we discuss the scattering properties of the anti-PT -symmetric scattering center through investigating the reflection and transmission of the left and the right inputs. The wave function for the left input is denoted as ψ k L (j) and for the right input is denoted as ψ k R (j) for site |j c , where k is the wave vector. The wave functions are in the form of
where r L (t L ) and r R (t R ) are the reflection (transmission) coefficients for the left and right inputs, respectively.
A. Identical transmission of transpose invariant
The scattering center satisfies transpose invariant, i.e., H c = H T c . This leads to identical left and right transmission coefficients, i.e., t L = t R . For the left input, the Schrödinger equations for the scattering center are in the form of
where E = 2J cos k is the dispersion relation obtained from the Schrödinger equations for the leads;
represents the wave function of site-j in the scattering center
where ∆ = H c −EI N ×N , and ∆
−1
mn represents the element of matrix ∆ −1 on the m row and n column. Then, we have
The Schrödinger equations for the lead sites |−1 l and
the wave functions at sites ±2 are ψ
the two kinds of expressions for ψ k c (1) and ψ k c (N ) are equivalent, therefore
and the transmission for the left input is
For the right input, the Schrödinger equations for the scattering center are in the form of
Ψ c,R and Φ c,R are N dimension column vectors, their elements are Ψ c,
that is
therefore,
and the transmission for the right input is
Thus, the matrix elements satisfy ∆ −1 
B. Reciprocal reflection under T symmetry
The scattering center is also invariant under time reversal operation. The time reversal operator can be expressed as a unitary operator U multiples the complex conjugation operator K, i.e., T = UK. The element of the unitary operator U is c m| U |n c = (−1) m−1 δ (m − n), where δ is the Dirac delta function.
The unitary operator is a diagonal matrix with staggered elements +1 and −1, which is a transformation on the scattering center basis. We schematically illustrate this basis transformation in Fig. 2 with the coefficients +1 in blue and −1 in green. +1 indicates that the basis is unchanged; −1 indicates that the basis changes from |j c to − |j c after the basis transformation. Figure 2 implies the Hamiltonian of the scattering center H c is invariant after the time reversal operation, i.e., acting the complex conjugation K and the basis transformation. To make the whole system Hamiltonian H being invariant after the time reversal operation, the basis on the left and right leads need to change accordingly. The basis on the left lead is unchanged, but changes from |j l to − |j l on the right lead for the scattering center with even-site. To make the whole system Hamiltonian H unchanged after time reversal operation, the coefficients on the basis of the two leads for the scattering center with even-site (N is even) are opposite [ Fig. 2(a) ]; the basis of the two leads for the scattering center with odd-site (N is odd) is unchanged [ Fig. 2(b) ]. This difference indicates two distinct relations of the scattering wave functions (Fig. 2) . The left input and the right input wave functions with identical wave vector k can compose either the left or the right wave function after time reversal operation in two alternative ways for the scattering center with different parities.
We act the complex conjugation operator K on the wave functions Eqs. (4, 5) to get
For the configuration shown in Fig. 2(a) , we can compose −Kψ k L (j) in the j < 0 region through ψ k L (j) and ψ k R (j) of Eqs. (4, 5) by eliminating e ikj in j > 0 region. We have
the coefficients in j > 0 region for the composed wave function t *
and Kψ k L (j) are the same; but they should be opposite in the j < 0 region. Therefore, the coefficients in the j < 0 region satisfies
then we have the relations
for the scattering center site number being even. For the configuration shown in Fig. 2(b) , the composed
and Kψ k L (j) are the same in both the left and the right leads. Then, we obtain
and the relations
for the scattering center site number being odd. For the configuration shown in Fig. 2(a) , we compose −Kψ
the coefficients in j < 0 region for the composed wave
and Kψ k R (j) are identical; but the coefficients in the j > 0 region should be opposite. Therefore, we have the relations
Simplifying the obtained relations, we have
and Kψ k L (j) are the same in both the left and the right leads. Thus, we obtain
after simplification, we obtain the relations
for the scattering center site number being odd. A direct conclusion from the relations of scattering coefficients Eqs. (34, 41) and Eqs. (37, 44 ) is the reciprocal reflection, i.e., |r L | = |r R | in both configurations of Fig. 1 .
C. Scattering probability and scattering matrix
For the scattering center with even-site, their reflection and transmission satisfy Eqs. (28) , (34) , and (41), from which we first obtain
And then, we obtain that the scattering matrix satisfies
in the configuration shown in Fig. 2(a) , where S is the scattering matrix and σ z is the Pauli matrix defined as
For the scattering center with odd-site, their reflection and transmission satisfy Eqs. (28), (37) , and (44), from which we first obtain
And then, we obtain that the scattering matrix is unitary in the configuration shown in Fig. 2(b) ,
The scattering dynamics exhibited in the odd-site anti-PT -symmetric scattering center is similar as the dynamics in a Hermitian scattering center. Therefore, unitary scattering not only occurs in PT -symmetric nonHermitian system [25] , but also appears in anti-PTsymmetric non-Hermitian system.
IV. ILLUSTRATIVE EXAMPLES
We consider concrete models to demonstrate our results. The two leads are H ± = − ±∞ j=±1 |j ± 1 ll j| + H.c.; the connection Hamiltonian is H in = − |−1 lc 1| − |2 cl +1|+H.c.; and the Hamiltonian of the two-site scattering center is
The scattering center satisfies (PT ) H 
the dispersion is E = −2 cos k. For the left input, we set the wave functions as ψ
For the right input, we set the wave functions as ψ
−ik +r R e ik . Substituting the wave functions into the Schrödinger equations, we obtain the reflection and transmission, which read
The scattering matrix satisfies (Sσ z )(Sσ z ) * = I. For a three-site anti-PT -symmetric scattering center
we notice that (PT ) H For the left input, the wave functions are set as ψ
For the right input, the wave functions are set as ψ
−ik e −ik + r R e ik . After simplification, we obtain the reflection and transmission
1. The scattering matrix is unitary, i.e., SS † = I, the scattering dynamics is Hermitian-like.
In Fig. 3 , we plot the reciprocal reflection (R = R L = R R ) and reciprocal transmission (T = T L = T R ) probabilities. In Fig. 3(a) , R and T are both maximal at k = π/2, where the input wave has the largest group velocity. The reflection and transmission probabilities monotonously increase as V decreases. Both R and T diverge at k = π/2 when V = 0, it corresponds to a spectral singularity and induces symmetric lasing toward both leads [42] . As V increases, the variations on R and T tend to be flat. In Fig. 3(b) , the reflection is zero and the transmission is unity at k = π/2, which corresponds to a resonant transmission that independent of on-site potentials V . As V increases, the variations on R and T around k = π/2 become sharp. Notably, the spectral singularity can not exist in the discussed anti-PT -symmetric scattering center with site number being odd, where the scattering exhibits Hermitian behavior.
V. SUMMARY AND DISCUSSION
We have investigated the scattering behavior of an anti-PT -symmetric non-Hermitian scattering center H c with imaginary nearest-neighbor couplings and real onsite potentials, this type of scattering centers has the feature that (±iH c ) satisfies the PT symmetry. We find that the reflection (R) and transmission (T ) are both reciprocal; and the probabilities satisfy R ± T = 1, which depends on the scattering center size. The scattering matrix of an even-site scattering center satisfies (Sσ z ) (Sσ z ) * = I; an odd-site scattering center exhibits Hermitian scattering dynamics, its scattering matrix is unitary SS † = I and none spectral singularity exists. We would like to state that all the conclusions still valid for the scattering center with long range imaginary couplings if all the couplings are between sites with different parity, i.e., only couplings between sites |Odd c and |Even c are nonzero; otherwise, only t L = t R is valid because of the transpose invariant of the scattering center. Our results are useful in predicting the propagation features of anti-PT -symmetric systems and their applications in optics.
